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The Homoskedastic Normal Linear model

We will now assume that Y is normally distributed with mean p (x) and standard deviation
o. Note that x = (x1,...,2,) is a set of known factor variables. In the context of linear
regression we write 4 (x) (this is referred to as the regression function) as a linear combination
of functions of x. In particular

p (%) = Bogo (%) + Brgr (%) + -+ + Fpgp (%)

where go (x),..., g, (x) are referred to as basis functions. For example suppose that x =
(z1,x5) then some possible basis functions are g; (x) = 1,¢; (x) = z1,9; (x) = 21,9, (x) =
1T, gj (x) = sin(x2),.... In practice the basis functions you will use will depend on the

model that you are interested in fitting to your data. Sometimes the following notation is
used to represent the model
Y =pu(x)+e

where € is a random error term with normal distribution with mean 0 and standard deviation
o.

In practice we know Y; and x; for each observation, ¢ = 1,...,n but we do not know the
value of the parameters 3y, 31, ..., 3,. How do we estimate these parameters? The method
that we will use is called Least Squares. In particular we seek the values of fy, ..., 3, which
minimizes the Sum of Square Errors (SSE).

n n

SSE = Z (Y;— 1 (X>)2 = Z (Y: — Bogo (x) — Bigr (xX) — -+ — By (X))2

i=1 i=1

The following diagram demonstrates what we are seeking to minimize (for the special
case of a line in 2 dimensions). the blue line is the regression line that we wish to fit and
the vertical dotted lines are the distances between our observed Y and the line. Our goal is
to find the values of 3y, 41 which parameterize the line which has the minimum sum of the
squared distances between itself and the Y’s.



X

The least squares process is as follows: First we differentiate the SSE with respect to each
of By, ..., B, and set each of these equations equal to zero. This gives us a system of p + 1
linear equations in p + 1 unknowns. This system of equations is referred to as the Normal
equations. Solving the system of equations for Sy, ..., 3, gives us estimates BO, e ,Bp.

Lets consider the simple linear regression model

p(x) = Bo+ Pz

and so the SSE is

n

Z (Yi — Bo — 511‘1')2

i=1
differentiating the SSE with respect to 3y and setting equal to 0 gives

n

> 2(Yi— by Bii) (-1) =0

i=1
with a little simplification this becomes

Bo+ Bz =17 (1)
similarly taking the derivative of the SSE with respect to §; and setting equal to 0 gives

n

Z 2 (Yi — B — Bl%) (—z;) =0

i=1



with a little simplification this becomes
6023714—31237?:2%% (2)
i=1 i=1 i=1

rearranging (1) above gives ) = § — (17, then substituting this into (2) gives

<?3 - 5175> sz + 5 fo = leyz
i—1 i1 i—1

solving for Bl gives
D iy Tilfi — NYT
D iy T — na?
As you can see it is a lot of work to solve these equations, and with even more terms in
our regression model we would have even more equations to solve.
We say that two basis functions are orthogonal for the data if

B =

Zgj (xi) gr (x:) =0

When the basis functions are all orthogonal for the data there is a simplified formula that
we can use to estimate the parameters

5 > ie1 95 (Xi) i .
B =T 5 forj=0,...;p
’ Zi:1 932’ (%)

Question 1

Suppose that X is the change in pH (from Neutral) and Y is crop yield

Y X
13.5 -0.8
13.2 -04
13.7 -0.2
13.7 0.0
13.9 0.2
141 04
14.3 0.8

We are interested in the regression model u (x) = Gy + f1x.
(a) Are the basis functions 1 and x orthogonal?

(b) Fit the regression line



(c) Interpret (3y,0; for this model
(d) Would it be safe to use the fitted regression line to estimate the crop yield at x=27
Answer:

(a) First we need to check that > i = 17(1)(x;) = 0. If this is true then 1 and x are an
orthogonal basis.

7 7
> W)(@) =) wi=-08+-04+-02+0+02+04+08=0

i=1 i=1
so we can conclude that the basis functions 1 and x are orthogonal.

(b) Since 1 and z are orthogonal. We may use the formula above to estimate each of the

two parameters
7 7
A Zi:1 (y 21:1 Yi

S T I
and .
Bl _ D ic1 TiYi

Computing the summary statistics

7
> yi=96.4
i=1

7

> af=1.68

=1

7
> ay =1.04
=1

and so A
By =96.4/7 = 13.77
B =1.04/1.68 = 0.6190

and so our fitted regression line is

y = 13.77 4 0.6190z

(¢) Bo =1y so [y is the mean crop yield (Alternatively you could view it as the crop yield
at x=0).



Suppose we consider increasing x by 1 (for some value of ). So initially we have
Yinit = o + 1
and after increasing x by 1 we have
Yinal = Po + Bi(z + 1)

consider Ysna — Yinit = (Bo + Si(z + 1)) — (Bo + B1x) = [ and so we can interpret 3
as the change in crop yield if we increase x by 1.

If x = 2 then our fitted regression model would estimate the crop yield as
y = 13.77 + 0.6190(2) = 15.008

is this going to be problematic? The answer is yes. The following diagram illustrates
why




The red curve indicates the “truth” and so what we see is that while the relationship
between the change in concentration is linear in the range of the observed data it is
clearly not linear. It is dangerous to use a fitted regression line to predict outside the
range of the observed data (this process is called extrapolation). Note that we would
have no difficulties predicting yield at say = = 0.1.

Question 2

Consider the following experimental data

Y X; X,
21 -1 -1
14 0 -1
13 1 -1
23 -1 0
20 0 0
11 +1 0
31 -1 1
20 0 1
27 1 1

and further consider the following regression model u (x1,x2) = By + frz1 + Paza.

(a) Show that 1, xy, x5 are an orthogonal basis

(b) Determine the least squares estimates
(c) Interpret (y,5; and (s

Answer:

(a) Yo Uzp) = 2?:1 rp=-3+3=0and > 1(z;) = 21'9:1 Tio = —3+3 =0 and
finally > " | zq2io =14+0—-140+0+0—1+0+1 =0 and so we can conclude 1,z;
and x5 form an orthogonal basis.

(b) Since 1,77 and x5 are an orthogonal basis we can use the formula to get each of the

parameter estimates.
9 9
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using the data we compute Z?:1 y; = 180, Z?:l T = 6, Z?:l 1%, = 6, Z?:1 Tl =
—24 and 23:1 Z;91y; = 30. Therefore

By = 180/9 = 20

~

B =—24/6 = —4
By =30/6=75
ans so our estimated regression model is fi (21, x9) = 20 — 421 + 529

(c) We would interpret 3, as the mean value of Y. And (; would be interpreted as the
change in Y is we increase x; by 1 and hold x5 fixed. Similarly G would be the change
in Y if we increase x5 by 1 and hold z; fixed.



